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We construct the manifestly Lorentz-invariant twistorial formulation of the N = 1 D = 4 superparticle with 
tensorial central charges which describes massive and massless cases in a uniform manner. The tensorial central 
charges are realized in terms of even spinor variables and central charge coordinates. The full analysis of the 
number of conserved supersymmetries has been carried out. In the massive case the superparticle preserves 1/4 
or 1/2 of target-space supersymmetries whereas the massless superparticle preserves two or three supersymmetries. 



1. Introduction 

In a recent paper Q we proposed a new rela- 
tivistic formulation of massive superparticle with 
tensorial central charges [||-[||. The model con- 
tains a commuting Weyl spinor as a collection 
of coordinates of the configuration space and de- 
scribes a superparticle whose presence breaks two 
or three of N = 1, D = 4 target-space super- 
symmetries. It is interesting that in the back- 
ground of central charges the massive superparti- 
cle is equivalent to massive spinning particle JlO| , 
11 1 if a quarter of target-space supersymmetry 
is preserved. In a certain sense the commuting 
spinor variables of the model play the role of in- 
dex spinor variables ]T^|-]l4|. This model does 
not contain any special coordinates for the tenso- 
rial central charges. Analogous model of massive 
superparticle preserving 1/4 of target-space su- 
persymmetries has been formulated in |i~5| ] with- 
out explicit Lorentz covariance. 

It should be mentioned that D. V. Volkov and 
his collaborators have proposed one of the first 
twistor-like models for the massless superparti- 
cle Jl6| and established the equivalence between 



the spinning particle and the usual superparti- 
cle without central charges at least on the classi- 
cal level. The idea of identifying the /c-symmetry 
of the superparticle with the local worldline su- 
persymmetry of the spinning particle has been a 
basic one for the superficld formulation of mass- 
less superparticle theory fl6|| and its generaliza- 
tion to the superembedding description of super- 
branes fll7jl . 

In this paper we present a twistorial formu- 
lation of the superparticle with tensorial central 
charges in which massive and massless cases are 
described in uniform manner. The model uses 
both the central charge coordinates and the auxil- 
iary bosonic spinor variables simultaneously. Due 
to the use of spinors the analysis is simplified by 
reducing the tensorial quantities to scalar ones. 
For zero mass our model reduces to the twisto- 
rial formulation of the massless superparticle with 
tensorial central charges [ fl8| in which one or two 
of target-space supersymmetries are broken. In 
the massive case we have a bitwistorial formula- 
tion of the massive superparticle with tensorial 
central charges preserving 1/4 or 1/2 of target- 
space supersymmetries. 
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2. The formulation of the model 

The configuration space of the model is 
parametrized along with the usual superspace 
coordinates x^, 9 a , 8 a and the tensorial cen- 
tral charge coordinates y a @ = y^ a ^\ y al3 = 
y{ a P) — (y"' 3 ) also by two bosonic spinors v a a , 
v aa = (v a a ), a = 1,2, a = 1,2, a = 1,2. 
Weyl spinor indices are raised or lowered with the 
help of the unit invariant skew-symmetric matri- 
ces e Q/3 = e<^ and e a p = e^, i. e. A a = e^Ap, 



A, 



e a9 AP, B« = e^B $ , B a = e^B? for 



bitrary A and B. We use D = 4 Weyl spinor and 
tr-matrices conventions of fl9|| . The metric ten- 
sor 77 M „ signature is mostly plus and a^d"^ 1 = 
~ SaV^ ■ K will be convenient to write the rela- 
tions of the model formally as S'?7(2)-covariants 
with respect to the indices a, 6, c, ... number- 
ing bosonic spinors. So these indices are raised or 
lowered as ST/ (2) ones by the matrices e ab = —e ab 
and their positions are interchanged under the 
complex conjugation. 

For description of the superparticle with tenso- 
rial central charges we take the action in twistor- 
likc form 



S 



dr L . 



L = p„n? + Z a0 Uf + Z^Tif - 

Hv aa v aa - 2m) - \(v aa v« a - 2m) . (1) 
Here the one-forms 

IP = drli^ = dx» - ideal* 6 + iOa^dO , 
II Q/3 = drllf = dy a(} + i9 (a dd® , (2) 
= drfl^ = dy 61 ? + i6 {6l d¥ 3) 

are invariant under global supcrsymmetry trans- 
formations 

59° = e a , 86 a = t x , 

Sx^ = iOa^se-idea^e, 

Sv a a = 0, Sv aa = (3) 

acting in the extended superspace parametrized 
by the usual superspace coordinates x^, 8 a , 6 a 



and by the tensorial central charge coordinates 

The quantities P M , Z a p = Zp a , Z^ = Z^, 
which play the role of the momenta for £ M , y a @ , 
y a/3 , are taken as the sums of products of two 
bosonic spinors v a a , v aa 



Z a — V a a Vp Cab , 

Z a p = v aa Vp b C ah , 



(4) 

(5) 
(6) 



where C a b, C ab = (C a b) are symmetric constant 
matrices. These expressions are completely gen- 
eral with respect to the four-momentum Pa but 
imply some constraints on the central charges 
Z a p, Z & g- Here we do not give the explicit for- 
mulation of these constraints. 
Due to the kinematic constraints 



v aa v 

v u aa 



2m , 



V aa V 



2m. 



which are equivalent to 

v aa v 



v aa v ab = m8i 



b • 



M - mS b n 



(7) 



(8) 



and enter the action ([!]) with Lagrange multipliers 
we have det(w Q a ) = m and 



p2 = pf , p = _ m 2 ^ 



(9) 



Thus the constant |m| plays the role of the mass. 
It should be noted that the change of the sign of m 
is equivalent to antipodal transformations v\ <-> 
v^ of bosonic spinors in "internal space" which 
leaves invariant the quadratic expressions (^)- 
(Q) for the energy-momentum vector and central 
charges of the model. 

In the massless case (m = 0) the spinors Va 1 
and v a 2 are proportional to each other v a l ~ 
v a 2 as the consequense of the kinematic con- 
straints (||) . As a result one obtains a formulation 
of massless superparticle with one bosonic spinor 
from which both the massless four-momentum 
and the tensorial central charge are constructed. 
Such a model has been analyzed in [ fLs] . The num- 
ber of preserved SUSY is equal two or three in this 
model. In the proposed model ([!]) we use a mini- 
mal number of bosonic spinors, which is two, for 
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constructing the energy-momentum vector with 
arbitrary mass |£(J ■ Therefore we regard our for- 
mulation as the twistor-like one and concentrate 
on the massive case in the following. 

Coefficients in the expansion of the symmetric 
central charge matrix C a b in terms of the Pauli 
matrices (<Ji) a b form a complex dimensionless "in- 
ternal" three-vector C = i(E + iR), real and 
imaginary parts of which we denote by analogy 
with electrodynamics. Thus 



C a b — Ci((Ji)ab 7 C 

and 



ab 



ab 



(10) 



C ab C bc = -CCS c a = (E 2 H 2 + 2iEH)^, (If) 

C ab C ab = 2CC = 2(E 2 + H 2 ) . (12) 

One can simplify the matrix C of the central 
charges using redefinitions of the bosonic spinors 
with unitary unimodular transformation acting 
on the indices a, b, ... and leaving intact the four- 
momentum matrix and kinematic constraints. In 
fact with some loss of generality we could take 
the matrix C to be diagonal from the beginning. 

3. k symmetry transformations 

The variations of bosonic coordinates under the 
local K-symmetry transformations p2f has 
the same form in terms of the variations of odd 
spinor coordinates as SUSY variations but are op- 
posite in sign 

Sy a/3 = -ie&Sdfi, Sy^ = -iB&SGft , (13) 

Sv a a — , SVaa = . 

Further, for the one-forms @ in the action we 
have 



STl^ = -2i9a^S9 + 2iS9a^9 , (14) 

SB?* = -2%B<- a 66to , &5$P = -2i9 (a 59^ . (15) 
The corresponding variation of the Lagrangian is 



SL = 2i(v a 69 + C ab S9v b )9v a 



+2i{S9v a + C ab v b S9)v a 9. 



(16) 



The most general variations of the Grassmann 
spinors under K-symmetry are 

,561" = Ka v aa , 69* = K a v° a (17) 

with two complex local Grassmann parameters 
k q (t), k°(t) = Taking into account the nor- 

malization conditions for the bosonic spinors @ 
we arrive at 



SL = 2im(R a + C ab K b )9v a 
2im(K a + Cabii b )v a 9. 



(18) 



The number of preserved supersymmetries is 
defined by the number of independent functions 
K a , R a for which SL = 0. Hence the equations 



C ab R D = , R a + C ab K b = 



(19) 



should have nontrivial solutions when there is fir- 
symmetry. These equations can be written in the 
matrix form 



A AC = 
where 



A 



S b 

a. 

C ab 



Cab 



and K, 



(20) 



(21) 



The matrix A is Hermitian, A = A + , therefore 
it is unitary diagonalizable. The number of the 
independent K-symmetries (solutions of eqs. (19)) 
coincides with the number of the zero eigenvalues 
of the matrix A. 

One can easily obtain that 

detA = 1 - C ab C ab + \c ab C ab C cd C cd . (22) 

So the necessary condition for the presence of fir- 
symmetries (one or more) consists in equality 



detA = . 

Some algebra gives 
det(A - Al 4 ) = 

i 2 /^iab / 



(23) 



1 



A 4 - K z C a0 Cab + - A C ab CabC cd C c 
4 

= (A 2 - E 2 - H 2 ) 2 -4|E x H| 2 
with A = 1 - A. 



(24) 
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The characteristic equation reads 

A 4 - 4A 3 - k 2 \ 2 + 2fciA + k = (25) 

where the coefficients are 

fca = C ab C ab - 6 = 2(E 2 + H 2 - 3) , 
kx = C ab C ab -2 = 2(E 2 + H 2 - f ) , 
k = dctA = (E 2 + H 2 - if - 4|E x H| 2 . 

Let us now consider all possible eigenvalues of the 
matrix A. 

3.1. 3/4 unbroken SUSY 

The presence of three zero eigenvalues means 
that the characteristic equation ( p5| ) must be of 
the form 

A 3 (A- Ai) =0. 

This gives us the conditions k 2 = ki = k = 
on the coefficients of eq. However as one 

can see from the explicit expressions for the co- 
efficients in our model the inequality k\ ^ k 2 is 
always fulfilled. Therefore the presence of three 
zero eigenvalues is not possible in the massive case 
of the model under consideration. So one can not 
get three first class fermionic constraints and 3/4 
unbroken SUSY in this case. 

3.2. 1/2 unbroken SUSY 

For two zero eigenvalues or 1 /2 unbroken SUSY 
the equation on the eigenvalues A 2 (A — A X )(A — 
A2) = means that k\ = k = in eq. fl25|). 
This gives us two conditions on parameters of the 
central charges 

O U a b = I , G OafcU U c d — 4 

or equivalently in the 3-vector form 
E 2 + H 2 = 1 , 
E x H = 0. 

Thus in this case the vectors E and H are parallel, 
and they are not equal to zero simultaneously. If 
two eigenvalues are zero then two nonzero eigen- 
values are both equal to 2. 

Note that the above conditions, which define 
the case with 1/2 ubroknc SUSY, are equivalent 
to 

Cab r~i o /~iab /~i r~icd/~* rj 

'-'ab — z ; ^ ^bc 1 ^ ^da — <S 



which are obtained by the Fierz transformation 

^ab^ <^cd = *[y ^ab) ~ OfoU Uda ■ 

Due to the first condition C ac C cb = S a b + A a b , 
the matrix A is traceless, A b b = and Hermitian, 
A + = A. But due to the second condition we 
obtain the equation A a b A b a = which gives us 
A a b = 0. Thus in the case of two K-symmetries 
(1/2 SUSY preserved) the coefficient matrix of 
the central charges is unitary 

C ac C cb = S\ . (26) 

The solutions of eqs. (|l9|), provided that con- 
dition (|2^) is fulfilled, can be obtained after the 
diagonalization of the matrix A 

A diag ,(° l2 2 ° l2 )=VAV-\ (27) 

with 

v - — ( Sab ~ Cab \ 
V2\C ab 6\ J ■ 

To verify the unitarity of the matrix V and the 
equality (p7|) we have used the condition (|26|). 
Thus eq. ( |19| ) takes a simple form 

A diag K! = (28) 

where K! = VIC. Obviously the solution of 
eq. (|28|) is 




However the condition of mutual conjugacy R a = 
~Ka~ of the upper and lower part of the column K, 
should be taken into account. To this end let us 
represent the symmetric unitary matrix C as a 
square of a symmetric unitary matrix vC, whose 
explicit form is not required. Then for an ar- 
bitrary real odd two-component quantity p the 
quantity v — VCp satisfies the required conjuga- 
tion condition. Thus we have demonstrated that 
the parameter space of the ^-transformations is 
actually a two-dimensional real space. 

Eigenvectors corresponding to the eigenvalue 
2 can be obtained in the similar way. But now 
KJ = ( p/ ) where v' — VCp' and this space is pa- 
rameterized by two arbitrary real odd quantities 
collected in the two-component "vector" p' . 
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3.3. 1/4 unbroken SUSY 

For a single zero eigenvalue or for 1 /4 unbroken 
SUSY we have the single condition 

fc = dctA = 1 - C ab C ab + jC ab C ab C cd C cd = 

which in term of the vectors E and H has the 
form 

|E 2 + H 2 -1| = 2|E x H| . 

In this case the characteristic equation is 



A(A - 2)(A - 1 - VC ab C ab - 1) x 
(A - 1 + VC ab C ab - 1) = 

and the three nonzero eigenvalues are A = 2, A = 

i±Vc ab c ab -i. 

As it has been noted above the arbitrary sym- 
metric matrix C can be reduced to the diagonal 
form 



C' = 



pie^ 1 
p 2 e lV2 



= vcv- 



by means of the "internal" S't/(2)-transformation 
V . Here p\ , p 2 and (pi , (p 2 are real. One can easily 
obtain that p\ 2 = E 2 + H 2 ± |E 2 x H 2 |. The case 
when pi = pi = 1 and the matrix C is unitary 
has been considered in the previous subsection. 
Now we have 



c ab c ab = pi + P z 2 



and 



detA = (pi - l)(p 2 - 1) 



The eigenvalues of the matrix A are 1 — p\ and 
1 - Pi- 

The case of a single preserved SUSY is reached 
if only one of the moduli of the nonzero elements 
in the diagonal matrix C is equal to 1, for defi- 
niteness let it to be p±, p\ = 1. After the diago- 
nalization of the matrix C the eq. J2C| ) 

A' AC' = 

requires vanishing of all entries in K! except for 
Ime' iVl / 2 k[ = v which is arbitrary. This value 



plays a role of the parameter of the single unbro- 
ken SUSY. Further, for the K-symmetry param- 
eters (llTf) one has 



K = JJ 







where U is a unitary unimodular matrix diago- 
nalizing the matrix C ab - 

Thus we have shown that the model of the mas- 
sive superparticle described by the twistor-like 
action (|l|) possesses one or two independent local 
^-transformations which correspond to BPS con- 
figurations preserving 1/4 or 1/2 of the target- 
space supersymmetry. The case with 3/4 unbro- 
ken supersymmetry is not realized in the massive 
case of the presented model. 

4. Constraints of the model 

Phase space of the model is parametrized by 
the coordinate variables 



(29) 



q — ( xA \ y a ' J i y" ! " i v ^ai^ 

and by corresponding canonically conjugate mo- 
menta 



PA = (p M ,2; Q/ 3,z ti/ 3;7r Q ,7r (i ;w Q a ,w QQ ) . 



(30) 



We take the standard definition of the Legen- 
dre transformation pa — d r L/dq A and of the 
graded Poisson brackets {q A ,PB} = for all 
basic phase variables. 

The Lagrangian (|l|) is homogeneous with re- 
spect to all velocities, therefore the expressions 
for all momenta lead to the primary constraints 

(31) 
(32) 



D a 




-e% Q wO, 


D & 


= (D a ) = -ITta ~ 






= Pa/3- P a/3~°; 




Raf3 


= z a fj — Z a p S3 , 




P<x0 


= Z a0 ~ Z aP ~ i 






w 0, w" a w0 





(33) 
(34) 

where P a p, Z a p, have the expressions (Q)- 
(H) in terms of the bosonic spinors. In adition, 
the whole system of constraints includes the kine- 
matic constraints 



v aa v 



2m S3 , VaaV° 



2m w 



(35) 



G 



which are explicitly introduced into the action. 
The kinematic constraints are secondary ones if 
Lagrange multipliers are assigned to canonical 
variables. Any other constraints do not appear 
in the model. 

The analysis of the K-symmetry is based on 
the consideration of the odd constraints. Their 
Poisson bracket algebra is 



2iP 



{D a , Dp} = 2iZ a p 



(36) 
(37) 
(38) 



The analysis of the constraints is simplified when 
they are projected on the spinors u°, v aa . For the 
fcrmionic constraints we get 

D a = v a D = -iv a ir + m(v a 9 - C ab 6v b ) m , (39) 

D a = Dv a = -iitv a - m(6v a - C ab v b 6) w . (40) 

Due to the kinematic constraints (||) the canoni- 
cally conjugate momenta for the Grassmann vari- 
ables 9 a = 6v a and a = -v a = Jda) are n a = 
v a ir/m, n a = Trv a /m and {6» a ,7r 6 } = {9 b ,Tt a } = 
S b . In terms of these variables the fermionic con- 
strains acquire simple form 

D a = -m{in a + 9 a + C ab 9 b ) « , (41) 
D a = (D^j = -m(in a + 6 a + C ab S b ) « . (42) 



Their Poisson brackets are 
{D a ,D b } =2im 2 S b a , 

{D\D b }= 2im 2 C ab , 

{D a ,D b } =2im 2 C ab . 



(43) 
(44) 
(45) 



The algebras of the Lorentz-spinor constraints 
D a , Da and of the Lorentz-scalar constraints D a , 
D a are identical. But in the second case the role 
of the central charges is played by the Lorentz- 
scalar quantities C ab , C a b instead of Z a p, Z & p 
and by the static momentum p° = m, p = in- 
stead of the usual four-momentum. The consid- 
eration in terms of quantities with indices a, b, ... 



is Lorentz covariant due to the use of the bosonic 
variables which play the role of harmonic vari- 
ables p3|| - p5| parametrizing an appropriate ho- 
mogeneous subspace of the Lorentz group. 
The matrix of the Poisson brackets ( ^3| ) 

<\ }*r^n=^A. (46) 



D, 



a j 

D a ,D t 



is in fact the matrix A. Its eigenvalues and odd 
eigenvectors have been found above. Thus, the 
separation of the first and second class Fermi con- 
straints can be done straightforwardly. 

It is convenient to introduce the new con- 
straints 

A (A) =X (A) A 

where D = J , and X^x) — ( \ ^ is an even 
normalized eigenvector of the matrix A with an 
eigenvalue A i.e. AX( A ) = XXi\\. The eigenvec- 
tors with different eigenvalues are orthogonal, the 
eigenvectors having the same eigenvalue can be 
chosen orthogonal. Here we do not need to distin- 
guishing the special notation of different eigenvec- 
tors corresponding to the same eigenvalue. The 
algebra of new constraints takes a very simple 
form 

{A (A) ,A ( v)} = 2im 2 \5\\> . 

Thus the repetition of the analysis which was 
made in the previous section allows us to obtain 
the full system of orthonormal eigenvectors ^(a) 
of the matrix A and to construct the first class 
constraints -D(o) which correspond to the zero 
eigenvalues and generate the K-symmetry trans- 
formations. 

5. Conclusion 

In this paper we have constructed the twistor- 
likc model of the superparticle with tensorial cen- 
tral charges. The proposed model uniformly de- 
scribes cases of massive and massless superparti- 
cles. For the description of the degrees of free- 
dom associated with tensorial central charges we 
have used coordinates of central charges as well 
as additional bosonic spinors. The latter variables 
have also been used for the twistor-like represen- 
tation of the momentum. In the case of zero mass 
one can obtain the twistor-like formulation of the 
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superparticle with tensorial central charges pre- 
serving 1/2 and 3/4 of target-space supersym- 
metry. In the massive case our model has one 
or two K-symmetries and preserves 1/4 or 1/2 
of the target-space supersymmetry. The addi- 
tional bosonic spinors have been used as Lorentz 
harmonic variables. This allowed us to eliminate 
auxiliary and gauge degrees of freedom without 
the violation of the Lorentz invariance. 
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